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Solutions to tutorial exercises for stochastic processes

T1. (a) Let An be the event that there exists a self-avoiding path starting in 0 of length n
of which every vertex has spin 1. Then An is measurable, since it only depends on
�nitely many vertices, i.e., the vertices inside Bn, the ball of radius n around 0. We
now have

{0←→∞} =
∞⋂
n=1

An,

which is measurable as a countable intersection of measurable sets.

(b) The number of self-avoiding walks of length n starting in 0 can be bounded by 4n,
since in every step of the path there are at most 4 directions to choose from. Let Γn
be the set of self-avoiding paths of length n starting in 0. It follows that

Pp(0←→∞) ≤ Pp(An) ≤
∑
γ∈Γn

Pp(ωv = 1 for all v ∈ γ) ≤ 4npn.

By taking p < 1/4, the above bound goes to 0 for n→∞. It follows that Pp(0←→∞) =
0 for all p < 1/4 and that pc ≥ 1/4.

(c) We de�ne a ∗-path to be a sequence of vertices (x1, . . . , xn) such that ‖xi−xi−1‖∞ ≤ 1
for all i = 2, . . . , n. Similarly, we de�ne a ∗-circuit of length n to be a sequence of
vertices (x0, . . . , xn) such that x0 = xn and such that ‖xi − xi−1‖∞ ≤ 1 for all
i = 1, . . . , n. If 0 6←→ ∞, then we can �nd a ∗-circuit π of vertices with spin 0
such that 0 lies in the interior of the circuit. Suppose the circuit has length n, then
π contains a vertex (0, k) for some 0 ≤ k ≤ n. It follows that there exists a self-
avoinding ∗-path starting in (0, k) of length n−1 and of which every vertex has spin
0. Let Γkn−1 denote the set of all such ∗-paths. We have that |Γkn−1| ≤ 8n−1, since a
star path has 8 directions to choose from in each step. We �nd

1− Pp(0←→∞) = Pp(0 6←→ ∞)

≤
∞∑
n=1

Pp(there exists a ∗-circuit π of vertices with spin 0 around 0)

≤
∞∑
n=1

n−1∑
k=0

Pp(∃γ ∈ Γkn−1 such that ωv = 0 for all v ∈ γ)

≤
∞∑
n=1

n−1∑
k=0

∑
γ∈Γk

n−1

Pp(ωv = 0 for all v ∈ γ)

≤
∞∑
n=1

n8n−1(1− p)n−1 → 0,
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for p ↑ 1. It follows that there exists some p0 < 1 such that Pp0(0 ←→ ∞) ≥ 1/2,
and thus pc ≤ p0 < 1.

T2. (a) Let η and ξ be two con�gurations with η ≤ ξ. Suppose η(x) = ξ(x) = 0. Then

c(x, η) = exp

(
−β

(∑
y∼x

1{η(x)=η(y)} −
∑
y∼x

1{η(x)6=η(y)}

))

≤ exp

(
−β

(∑
y∼x

1{ξ(x)=ξ(y)} −
∑
y∼x

1{ξ(x)6=ξ(y)}

))
= c(x, ξ).

Now suppose η(x) = ξ(x) = 1. Then

c(x, η) = exp

(
−β

(∑
y∼x

1{η(x)=η(y)} −
∑
y∼x

1{η(x)6=η(y)}

))

≥ exp

(
−β

(∑
y∼x

1{ξ(x)=ξ(y)} −
∑
y∼x

1{ξ(x)6=ξ(y)}

))
= c(x, ξ).

(b) We compute

ε = inf
η
c(x, η) + c(x, ηx)

= inf
η

exp

(
−β

(∑
y∼x

1{η(x)=η(y)} −
∑
y∼x

1{η(x)6=η(y)}

))

+ exp

(
−β

(∑
y∼x

1{η(x) 6=η(y)} −
∑
y∼x

1{η(x)=η(y)}

))
= min

0≤k≤2d
exp

(
− β

(
k − (2d− k)

))
+ exp

(
− β

(
(2d− k)− k

))
= min

0≤k≤2d
2 cosh

(
β(2d− 2k)

)
= 2.

Note that a(x, u) = 0 whenever x 6= u and x � u. Now suppose x ∼ u. Then

a(x, u) = sup
η
|c(x, η)− c(x, ηu)|

= sup
η

∣∣∣∣∣∣∣exp

−β
∑

y∼x
y 6=u

1{η(x)=η(y)} −
∑
y∼x
y 6=u

1{η(x)6=η(y)}


 (e−β − eβ)

∣∣∣∣∣∣∣
= (eβ(2d−1))(eβ − e−β).

It follows that
M =

∑
u6=x

a(x, u) = 2de2dβ(1− e−2β).
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T3. Consider the bijection φ : S → S given by

φ(η)(x) =

{
η(x) if x even,

ηx(x) if x odd.

De�ne the generator L = Lβ and its domain D(L) in the usual way. Then f ∈ D(L) if
and only if f ◦ φ ∈ D(L) since φ(ηx) = φ(η)x and therefore

sup
η
|f(φ(ηx))− f(φ(η))| = sup

ξ
|f(ξx)− f(ξ)|,

since φ is a bijection. Moreover

cβ(x, φ(η)) = exp

(
−β

∑
y:y∼x

(2φ(η)(x)− 1)(2φ(η)(y)− 1)

)

= exp

(
β
∑
y:y∼x

(2η(x)− 1)(2η(y)− 1)

)
= c−β(x, η).

Therefore Lβ(f ◦ φ) = L−βf . We know that the stochastic Ising model with parameter
−β > 0 is ergodic. Therefore there exists a unique invariant measure µ such that for all
f ∈ D(L), it holds that

0 =

∫
L−βfdµ =

∫
Lβ(f ◦ φ)dµ =

∫
Lβfdφ]µ,

where φ]µ is the pushforward measure de�ned by φ]µ(A) = µ(φ−1(A)). It follows that
φ]µ is an invariant measure for the model with parameter β < 0. It remains to show
that φ]µ is the unique invariant measure. Suppose ν is an invariant measure. Then for all
f ∈ D(L) we have

0 =

∫
Lβfdν =

∫
L−β(f ◦ φ)dν =

∫
L−βfdφ]ν,

so that φ]ν is an invariant measure for the model with parameter −β > 0. Since this
model is ergodic, it follows that ν(φ−1(A)) = µ(A), for all A ∈ S. Since φ is bijective, and
since φ−1 = φ, it follows that ν(A) = µ(φ−1(A)), for all A ∈ S. We conclude that φ]µ is
the unique invariant measure.
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