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T1.

Solutions to tutorial exercises for stochastic processes

Let A,, be the event that there exists a self-avoiding path starting in 0 of length n
of which every vertex has spin 1. Then A, is measurable, since it only depends on
finitely many vertices, i.e., the vertices inside B,,, the ball of radius n around 0. We
now have

{0 +— o0} = ﬁ A,,
n=1

which is measurable as a countable intersection of measurable sets.

The number of self-avoiding walks of length n starting in 0 can be bounded by 4",
since in every step of the path there are at most 4 directions to choose from. Let T',
be the set of self-avoiding paths of length n starting in 0. It follows that

Py(0 «— 00) < Pp(A,) < Y Pp(w, = 1forall v € 7) < 4"p".

velsn

By taking p < 1/4, the above bound goes to 0 for n — oco. It follows that P, (0 «— o0) =
0 for all p < 1/4 and that p. > 1/4.

We define a x-path to be a sequence of vertices (xy, ..., x,) such that ||z;—z;_1[|s <1
for all ¢ = 2,...,n. Similarly, we define a *-circuit of length n to be a sequence of
vertices (xg,...,%,) such that xy = x, and such that ||z; — z;_1]|cc < 1 for all
i =1,...,n. If 0 </ oo, then we can find a *-circuit 7 of vertices with spin 0
such that 0 lies in the interior of the circuit. Suppose the circuit has length n, then
7 contains a vertex (0,%) for some 0 < k < n. It follows that there exists a self-
avoinding *-path starting in (0, k) of length n— 1 and of which every vertex has spin
0. Let T* | denote the set of all such *-paths. We have that [I'* || < 8"71 since a

n—1
star path has 8 directions to choose from in each step. We find

1 —P,(0 +— 00) =P,(0 </ 0)

< Z P, (there exists a *-circuit m of vertices with spin 0 around 0)
n=1
< Z P,(3y € T¥_, such that w, = 0 for all v € ~)

< Z P,(w, =0 for all v € )



for p T 1. Tt follows that there exists some py < 1 such that P, (0 +— o0) > 1/2,
and thus p. < py < 1.

T2. (a) Let n and £ be two configurations with 7 < &. Suppose n(z) = £(x) = 0. Then

c(x,n) = exp <_B (Z Lin(@)y=n(y)y — Z Lin@)#n(y) }>>
Y~z Yy~
( (Z Lig=ew)} — O Le@rew })) c(z,§).
Yy~T Y~
Now suppose n(x) = &(x) = 1. Then
= exp ( B (Z Lin(@)=nw) — D l{n(w)#n(y)}>>
Y~z Yy~
( B (Z Liew=cw) — Y Liewew })) c(z,€).
Yy~ y~x

(b) We compute

e =infe(z,n) + c(z,n,)

n
= 1nf exp ( (Z Ln(@)y=n(y)y — Z l{n(x)#n(y)}>)
y~x Y~z
+ exp < (Z Lin(z)#n(y)y — Z Lip(a) y)}>>
Yy~ Yy~
zoggdexp( ﬁ( (2d — k) ))—I—exp( ((2d—k)—k‘))
= Oél’lilgn%lQCOSh (B(2d — 2k)) = 2.

Note that a(z,u) = 0 whenever x # u and x ~ u. Now suppose x ~ u. Then

a(z,u) = Sup (@, m) = (@, )|

=sup |exp | =B [ D L=y — D Lin@nwy | | (677 —¢”)

n Yy~ y~zT
yFu yFu
— (66(2d—1))(65 —e M.

It follows that
M = Z a(z,u) = 2de*P (1 — e727),
uFx



T3. Consider the bijection ¢ : S — S given by

) n(z) if = even,
Plm)(e) = {nx(x) if x odd.

Define the generator £ = Lz and its domain D(L) in the usual way. Then f € D(L) if
and only if f o ¢ € D(L) since ¢(n,) = ¢(n), and therefore

Sup [f(¢(n:)) — flo(n)| = sup £ (&) = f(E)],

since ¢ is a bijection. Moreover

ca(x, o(n) —eXp< B (26(n)(x) — 1)(26(n)(y )-U)

yy~zx

= exp (ﬁ > (2n(x) = 1)(2n(y) — 1)) = cp(x,n).

Yy~

Therefore L5(f o ¢) = L_gf. We know that the stochastic Ising model with parameter
—f > 0 is ergodic. Therefore there exists a unique invariant measure p such that for all
f € D(L), it holds that

0= [ st [ Latrooru = [ Lasdo,

where ¢yu is the pushforward measure defined by ¢3u(A) = u(¢1(A)). It follows that
¢yt is an invariant measure for the model with parameter 5 < 0. It remains to show
that ¢y is the unique invariant measure. Suppose v is an invariant measure. Then for all

f € D(L) we have
0= /ﬁﬁfd’/Z /5—6(f0¢)dV = /ﬁ—ﬁfdcbu'/,

so that ¢4v is an invariant measure for the model with parameter —3 > 0. Since this
model is ergodic, it follows that v(¢~1(A)) = u(A), for all A € S. Since ¢ is bijective, and
since ¢~ = ¢, it follows that v(A) = u(¢p~*(A)), for all A € S. We conclude that ¢yu is

the unique invariant measure.



